The observed dark matter abundance in the Universe can be fully accounted for by a minimally coupled spectator scalar field that was light during inflation and has sufficiently strong self-coupling. In this scenario, dark matter was produced during inflation by amplification of quantum fluctuations of the spectator field. The self-interaction of the field suppresses its fluctuations on large scales, and therefore avoids isocurvature constraints. The scenario does not require any fine-tuning of parameters. In the simplest case of a single real scalar field, the mass of the dark matter particle would be in the range 1 GeV m 10 8 GeV, depending on the scale of inflation, and the lower bound for the quartic self-coupling is λ 0.45.
I. INTRODUCTION
The existence of a significant dark matter (DM) component in the Universe seems indisputable [1, 2] . However, due to the increasingly tight constraints on conventional particle DM models [3] , fresh ideas are needed to explain the properties and the observed abundance of DM, as well as its formation mechanism in the early Universe. Instead of undergoing usual thermal freezeout [4] or, alternatively, non-thermal freeze-in [5] [6] [7] , dark matter abundance may have been initiated purely gravitationally either during or after cosmic inflation. This idea dates back to 1980s (see [8] and e.g. [9] [10] [11] ) but has recently gained increasing attention, see e.g. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] .
In this paper, we will focus on the scenario in which dark matter is produced by amplification of the vacuum fluctuations of a scalar field χ during inflation. We assume that χ is spectator field, which means that it is light relative to the Hubble rate during inflation, its energy density is subdominant, and that its couplings with the Standard Model degrees of freedom are negligible. This scenario has been discussed before in Refs. [11, 12, 14, 17, 24] .
In contrast to DM creation during the reheating epoch [16, 26] , if the field(s) responsible for DM production were amplified during inflation, perturbations in the resulting dark matter energy density may not coincide with those in baryonic matter. Observations of the Cosmic Microwave Background radiation (CMB) by the Planck * t.markkanen@imperial.ac.uk; tommi.markkanen@kbfi.ee † a.rajantie@imperial.ac.uk ‡ ttenkan1@jhu.edu satellite have recently put stringent constraints on the amount of such isocurvature density perturbations at large scales [27] , and any dark matter model dealing with inflation has to satisfy these constraints. Indeed, an example of this is the axion dark matter model, where the isocurvature constraints suggest a specific connection between the energy scale of inflation and the axion decay constant [28] (see also [23, 29] ). In the current scenario, it has been shown previously that a free minimally coupled scalar field would violate the isocurvature constraints [24] (see also [18] ). In this paper we will study the production of selfinteracting DM using the stochastic approach developed in [30] (see also [11, [31] [32] [33] ). A similar scenario was originally studied in [11] but in this paper we will improve the analysis in several different ways. First and foremost, we refine the analysis of isocurvature perturbations, showing that the recent Planck data is not problematic for the success of the scenario. We will also discuss the effect of DM self-interactions on the evolution of DM number density, as well as the current observational constraints on DM self-interactions that can be inferred from collisions between galaxy clusters. As we will show, the DM production mechanism we will discuss in this paper is sufficiently strong to yield the measured DM abundance for a wide range of masses extending down to sub-GeV ranges and that all observational bounds considered in this paper may be avoided with no fine-tuning of parameters. We will also discuss different ways to test the scenario.
The paper is organised as follows: in Section II, we show how cold dark matter forms from an inflationary condensate. In Section III, we discuss the isocurvature perturbations inherent to the scenario, and then present the results and observational constraints in Section IV. Finally, in Section V, we conclude with an outlook.
where 'osc' denotes the instant when the field starts oscillating and a end is the scale factor at the end of inflation. In the above we have assumed that after inflation the Universe immediately becomes radiation dominated, however extending our analysis to include a reheating phase with an arbitrary equation of state is straightforward, see [21] . Assuming that Eq. (4) is satisfied, the potential is initially dominated by the quartic term, and therefore the energy density scales on average as that of radiation,
where we have used Eq. (7) to obtain the last expression. The final dark matter abundance depends on the later evolution of the χ field, and in the following we consider three scenarios: (1) the field χ oscillates coherently until the present day; (2) it fragments and thermalises with itself, and eventually freezes out while still relativistic; and (3) it becomes non-relativistic before freezing out. Which of these scenarios is realised, is determined by the values of the parameters.
B. Coherent oscillations
In the simplest case the field χ simply continues to oscillate in its potential until present day. As the Universe expands, the amplitude of the oscillations decreases, and at some point the quartic term in (1) will become negligible and the mass term will dominate the evolution of the χ field. After this the energy density of χ will scale as a cold dark matter component, ∝ a −3 . We will use the standard approximation where the energy density is assumed to instantaneously go from scaling as ∝ a −4 to ∝ a −3 . To calculate when this happens, we obtain the amplitudeχ of the oscillations as
The onset of dust-like scaling behaviour, denoted with subscript 'dust', is then determined by the condition that the two terms in the potential are equal,
This allows us to write the result for the energy density for a > a dust , when the χ component behaves as dark matter
(11) Using this and conservation of entropy in the visible SM sector we can write the energy density at the present time as
where T 0 and T osc refer to the radiation temperature at the present time and at the start of the χ oscillations, respectively, g * S (T 0 ) ≈ 3.909 is the number of effective entropy degrees of freedom today, and g * (T osc ) = 106.75 is the number of the effective degrees of freedom at the start of the oscillation. The temperature T osc can be determined from the condition
where
GeV. Together with Eq. (7), it gives
Substituting this into Eq. (12) gives
(15) Note that this is a position-dependent quantity, because χ end depends on position. Its spatial average can be computed using the one-point probability distribution (2), which gives
and hence
Expressing this an energy fraction Ω χ , we can write
which should be equal to one for χ particles to fully account for the observed dark matter abundance.
C. Thermalisation
If the coupling λ is sufficiently large, the χ condensate will quickly fragment into χ particles with finite momenta [17, 34] . As discussed in Ref. [17] for quartic self-interactions the condition for complete decay of the condensate may be written as
where Γ(χ) is the effective decay rate of the condensate into two χ particles and we usedχ(a dec ) = |χ end | H dec /H osc and 3λχ 2 (a dec ) > m 2 to derive a limit for m. If the bare mass was larger than the upper limit, the χ condensate does not fragment and the result for coherently oscillating condensate (18) remains valid. If the condensate does fragment, however, we need to calculate the abundance again.
After thermalisation, the particles will have the temperature
We will work in the approximation where we assume a sharp transition between the regime with no decay of the condensate and complete thermalisation, as defined by (19) . As long as the particles are ultrarelativistic, their energy density will continue to redshift according to Eq. (8), and therefore the exact time of thermalisation does not matter for the following calculation.
To compute the present DM abundance in this case, let us first consider the case where DM freeze-out from the χ sector heat bath occurs while the particles are still relativistic. In this case the number density of the χ particles is simply given by the ultrarelativistic expression,
Because after their freeze-out the χ particles are no longer interacting, this expression remains valid even after they have become non-relativistic. The energy density of the χ particles at the present time is therefore
where we used Eq. (14) . Using Eq. (16), the average energy density is therefore
Expressed as an energy fraction Ω χ , this is
The difference to Eq. (18) is due to thermalisation changing the dependence on λ, cf. Eq. (20) .
D. Cannibalism
In the third scenario, the freeze-out occurs while the DM particles are non-relativistic. In that case, when the self-interactions are large, the χ particles undergo a phase of cannibalism, where the 4 → 2 self-annihilations dilute the number density and heat up the χ particles, making their temperature scale in a non-trivial way until the eventual freeze-out [35] .
Because entropy is conserved, the ratio ξ ≡ s rad /s χ , where s rad and s χ denote entropy density of the SM sector and the χ particle heat bath, respectively, remains constant after the particles have thermalised with each other. Assuming that the χ particles thermalise with each other after the fragmentation of the χ condensate but before the produced particles become nonrelativistic, we have
where we used Eqs. (14) and (20) . We also assume that the effective entropy and energy degrees of freedom are equal and time-independent at early times.
Then, between the moment when the χ particles become non-relativistic and their final freeze-out from their internal chemical equilibrium, the ratio of entropy densities is
where x ≡ m/T χ , and
and s non−rel χ = xn(x) are the number density and entropy density of a non-relativistic ideal gas, respectively.
By equating Eqs. (25) and (26), we can relate the SM photon temperature to the temperature of χ particles as
Therefore, before the DM freeze-out the Hubble parameter can be expressed as
The χ particles remain in equilibrium until the Hubble rate and the number density satisfy the freeze-out condition
where in the non-relativistic limit [36] 
The moment of freeze-out is therefore
where W is the principal branch of the Lambert Wfunction and we used Eq. (29) to express H end as a function of x. If the ratio (30) ever was greater than unity, invoking principle of detailed balance shows that the χ particles indeed had thermalised with each other prior to their eventual freeze-out. Reminiscent to the standard WIMP case, the final abundance is not sensitive to when thermalisation occurs. It is then straightforward to compute the present abundance of χ particles. Expressing the radiation temperature at the time of freeze-out by T f , we have
where T 0 is the CMB photon temperature today. This expression is valid when x f 1, whereas in the limit x f 1, the density is given by Eq. (22) . To cover the whole range of χ end , we therefore interpolate between them with
Thus Ω χ h 2 0.12 1.56 × 10 where the expectation value needs to be computed numerically. In Fig. 1 we show the ratio of Eq. (36) to Eq. (24), which shows the relative suppression of the dark matter abundance due to cannibalism. It is easy to see by scaling that the ratio only depends on the parameter combination α = λ 15/4 H end /m, and approaches one when α → 0.
III. ISOCURVATURE PERTURBATIONS
As the dark matter energy density is positiondependent and does not necessarily track the one of baryonic matter at all scales, we need to worry about observational constraints on isocurvature perturbations. In order for the χ field generated during inflation to be a viable dark matter candidate it must not violate the current rather stringent observational bounds from the Planck satellite allowing only a small isocurvature component [27] .
Isocurvature between two components is defined as
which straightforwardly gives the isocurvature between CDM and radiation
at late times.
For calculating the isocurvature perturbations we choose a gauge where there are no fluctuations in the inflaton field. In this gauge the curvature perturbation then manifests as a perturbation in the scale factor δρ γ /ρ γ = −4δa/a and furthermore the isocurvature in the DM fluid ρ χ is only sourced by the perturbations of χ end . In each of the three scenarios considered in Section II, we can write ρ χ (a 0 ) ∝ f (χ end ). For Eqs. (18) and (24), we can choose f (χ end ) = |χ end | 3/2 , and for Eq. (36),
The isocurvature perturbations (38) are then given by
where the perturbation is defined as
and from now on for simplicity we drop the subscript 'end'. So quite naturally, if the χ field is perfectly homogeneous after inflation, isocurvature strictly vanishes at late times. In our case, as shown by Eqs. (2) and (3), the field is light during inflation and hence there are fluctuations in χ, which is then a genuine isocurvature component. Importantly, despite the field χ having fluctuations, it has a vanishing one-point function.
Eqs. (40) and (41) then give the two-point correlator for the isocurvature as a function of the n-point correlators of the field χ,
Equation (42) is an equal-time correlator between two different points in space. Using de Sitter invariance, it can be computed as an analytic continuation of an unequal-time correlator. Generalising the analysis of Ref. [30] , one can write an unequal-time correlator in terms of the spectral expansion as
and Λ n and ψ n are the eigenvalues and orthonormal eigenvectors, respectively, of the eigenvalue equation with
In our case, f (χ) is an even function, and therefore only even eigenvalues contribute to the spectral expansion. Furthermore, Λ 0 = 0, so the n = 0 term cancels the disconnected part of the correlator. The leading nontrivial term at large t is therefore to a good accuracy
A numerical solution of the eigenvalue equation (45) gives [30] 
Again, the value of f 2 depends on the parameters only through the combination α = λ 15/4 H end /m, and α = 0 corresponds to the case with no cannibalism. In this limit, we obtain
When cannibalism does occur, the value of f 2 varies by only a few percent as shown in Fig. 2 . For this reason a very good approximation is to take f 2 a constant given by (49), which we will choose for now on. Making use of de Sitter invariance we may relate the unequal-time correlator (43) to an equal-time correlator with spatial separation by writing t → (2/H) ln(aHr) and the isocurvature correlator (42) can then be expressed as
where a and H are to be evaluated at the end of inflation. The power spectrum P(k) of the isocurvature perturbations is defined in the standard manner as a Fourier transform
Upon substituting Eq. (50), we obtain
where the scalek = a end H end is the horizon scale at the end of inflation and
Because Λ 2 > 0, the spectrum is blue. The spectral index, defined as P(k) ∝ k n−1 , is
The difference between the pivot scale k * = 0.05Mpc
at which the isocurvature perturbations are measured and the horizon scale at the end of inflationk can be characterized with the e-fold number
where, in the last expression, we have neglected the small change in H during inflation and maintained our assumption that the Universe is radiation-dominated from the end of inflation. Hence our final expression for the isocurvature spectrum at the scale k * is
IV. RESULTS
The current bound for uncorrelated isocurvature between DM and the CMB photons can be expressed as a fraction of the curvature power spectrum P ζ = 2.2×10 −9
as [27] In Figure 3 , we show the isocurvature contours in (N * , λ) space, which demonstrate that for all N * ∈ (45, 65) the isocurvature bound (57) can be avoided while maintaining a perturbative self-interaction.
In Figure 4 , we show the allowed parameter space for the model. The shown bounds are given by requiring that the χ potential is quartic and the field is light during inflation, that the isocurvature spectrum is below the Planck constraint, and that the scale of inflation is below the bound given by the non-observation of tensor modes. These are given, respectively, by Eqs. (4), (5), (56) and [37] H end 8 × 10
13 GeV.
The different shades of green denote, from the lightest to darkest colour, the regions where the condensate never fragments but oscillates coherently, where the field fragments and the produced particles thermalise but freezeout while still relativistic, and finally where cannibalism may take place. For details, see Section II. The borderline for the region with cannibalism is given by setting x f = 3.60 in Eq. (32) making Eq. (22) equal to Eq. (33) , and the border between the case of a coherently oscillating condensate and the case of thermalisation may be solved from Eq. (19) . For simplicity, for the isocurvature bound we have assumed that the χ condensate fragments throughout the parameter space. We see that the scenario works for a broad range of masses 1 GeV m 10 8 GeV, depending on the scale of infla- (4), (5), (56) and (59), with different shades of green corresponding to the three scenarios discussed in Section II. The coloured dashed contours show the dependence on the inflationary scale H end .
tion. The lower bound for the quartic DM self-coupling is λ 0.45, as discussed above. Finally, we discuss observational properties of the scenario. In the near future, the primordial tensor-toscalar ratio r can be either detected above or constrained at the level r ∼ 10 −3 [38] [39] [40] [41] , which corresponds to H end 8 × 10 12 GeV. On the other hand, future observations of the CMB and the large scale structure of the Universe will improve limits on primordial isocurvature or, in the best possible scenario, detect it [40, 41] . Furthermore, the Bullet Cluster and collisions between other galaxy clusters can be used to place an upper bound on the self-interaction cross section over DM mass, σ/m ≤ 1cm 2 g −1 ≈ 4.6 × 10 3 GeV −3 [42] [43] [44] [45] [46] , which is relevant for small m. For our theory [19] 
so the the Bullet Cluster imposes a constraint
This bound, however, is weaker than the other constraints discussed above. At the same time it shows that if sizeable DM self-interactions σ/m 10 −4 cm 2 g −1 are discovered in the future, that would rule out the simplest scenario considered in this paper where all of DM is generated by inflationary fluctuations with a typical spectrum. Detection of either β or r would constrain the parameters of the model, and discovery of both primordial isocurvature perturbations and B-mode polarization in the CMB would single out a point in the model parameter space. As this would unavoidably be at small values of m (as can be seen in Fig. 5 ), confirmed detection of non-zero DM self-interactions should indeed provide an additional way to probe the scenario, either validating or ruling out the model studied in this paper.
V. CONCLUSIONS
We have shown that a decoupled sector consisting of a single massive self-interacting scalar that interacts with the Standard Model only gravitationally is a viable candidate for DM and requires no fine-tuning, providing arguably one of the simplest DM models to date. Our analysis can be straightforwardly generalised to scenarios in which the scalar interacts with other hidden sector fields or (sufficiently weakly) with the Standard Model. As discussed above, the analysis can also be easily modified to accommodate other cosmological histories. The analysis and the resulting bounds are therefore expected to be generic to most weakly coupled DM models with scalar fields which were sufficiently light during inflation.
